UNIT-II
Mathematical modeling of physical systems:

Mathematical modeling and transfer functions of electrical, mechanical and electro-
mechanical elements - DC servo motors- two-phase AC servo motors - synchros.



MATHEMATICAL MODELS OF CONTROL SYSTEMS

A control system is a collection of physical objects (components) connected together to serve an
objective. The input output relations of various physical components of a system are governed by differential
equations. The mathematical model of a control system constitutes a set of differential equations. The

response or output of the system can be studied by solving the differential equations for various input
conditions.

The mathematical model of a system is linear if it obeys the principle of superposition :

Mathematical model of mechanical systems
Mechanical systems are classified as 1)mechanical translational systems
~__ 2) mechanical rotational systems

MECHANICAL TRANSLATIONAL SYSTEMS

The model of mechanical translational systems can be obtained by using three basic elements
mass, spring and dash-pot. S :

The weight of the mechanical system is repraéented by the-element mass and it is assumed to be
concentrated at the center of the body. The elastic deformation of the body can be represented by a
spring. The friction existing in mechanical system can be represented by the dask-pot.



When a force is applied to a translational mechanical system, it is opposed by opposing forces due
to mass, friction and elasticity of the system. The force acting on a mechanical body are governed by
Newton’s second law of motion. For translational systems it states that the sum of forces acting on a
body is zero. (or Newton’s second law states that the sum of applied forces is equal to the sum of
opposing forces on a body).

LIST OF SYMBOLS USED IN MECHANICAL TRANSLATIONAL SYSTEM
x = Displacement, m

: X
v = — = Velocity, m/sec
dv  d*x Accelerati o2
g = —=- = Acceleration, m/sec”
dt  dt? e

f = Applied force, N (Newtons)
f= Oplﬁosing force offered by mass of the body, N
f. = Opposing force offered by the elasticity of the body (spring), N
f, = Opposing force offered by the friction of the body (dash - pot), N
= Mass, kg ' ' '
K = Stiffness of spring, N/m
= Viscous friction co-efficient, N-sec/m



FORCE BALANCE EQUATIONS OF IDEALIZED ELEMENTS

Consider an ideal mass element shown in fig 1.9 which has negligible friction and elastiéity, Leta

force be applied on it. The mass will offer an opposing force which is proportional to acceleration of the
body.

Let, f = Applied force | > X
f = Opposing force due to mass f—» M —E
d’x d*x Reference
Here, f o« — or [ —M—
T dr? dt’ | F:g 19: fa’eaf mass element.
d*x

By Newton's secnnd Jaw,|f=f_ =M ey
! t

Consider an ideal frictional element dashpot shown in fig 1.10 which has negligible mass and
elasticity . Let a force be applied on it. The dash-pot will offer an opposing force which is pmpnrtmna] to
velocity of the body.

. | %
Let, f = Applied force }_’

f, = Opposing force due to friction f _!J
Here, f, « dx or f,= ]i’.ﬁ ' B Reference
dt dt Fig 1.10 : Ideal dashpot with
B}I, N‘E“FEDHTS SECDnd law -F —— fb — Bi_f +++++ {_1*3) . aone Qﬂd ﬁxgd 10 r&'f{??'ﬁfﬁc&




‘When the dashpot has displacement at both ends as shown in i_, X, |

| X
fig 1.11, the opposing force is proportional to differential velocity. ‘]
d . d f—» |
fb WE{XI"XE} or fh ZBE{ (xl—xz) L‘
B Reference
Af=1, = Bi x-%) e (1.4) ng 1.11 : Ideal dashpot with
dt : displacement at both ends.

Consider an ideal elastic element spring shown in fig 1.12, | l_’
which has negligible mass and friction. Let a force be applied on it. X

The spring will offer an opposing force which is proportional to - Z
. : f > AE £
displacement of the body. K Z
) Reference
Let, T = Applied force Fig 1.12 : Ideal spring with one ena
f, = Opposing force due to elasticity fixed to reference.
Heref «x or f=Kx
By Newton’s second law, |f=f=Kx | ... (1.5)
When the spring has displacement at both ends as shown in >, > X,
g 1.13 the opposing force is proportional to differential displacement. o
f—>» G
fi e (X, —X,) or fi = K(x; —x,) K
Fig 1.13 : Ideal spri ]
JiofeKm-xyl (16) ig eal spring with

displacement at both ends.




Write the differential equations governing the mechanical system shown infig 1. and determine the transfer function.

-x, | > x

//; K, | ‘“‘B._
? i) M, ] ’fﬂj‘{j‘ M, > f(1)
/] K |
"/ B ey . —
SN SN S S

B, B,

The free body diagram of mass M, is shown in fig

The opposing forces Ecllllg onmass M, are markedas f ,,f,,f.f andf.

mit n1 ¥ u)
dzx dx Xy

. d R
= Ba(x, -x); k=K -x) | | £

By Newton's second faw, ' M, . — f.
g+t +ig+f =0 — 1,

. j—,

:312>(1 dx, d K

Mg B *Bg =0+ KX+ Kl =X =0 Fig 2 : Free body diagram
Ontaking Laplace transform of above equation with zero initial conditions we get, & 95 M, (node 1).

M;s°X(s) +B:sX(s) +Bs [Xy(s) - X(s)] + KXy(s) + K [X(s) - X(s)] = 0
X,(s) [Mis? + (B, +B)s + (K, +K)] - X(s) [Bs +K] =0
X(s) Ms® + (B +B)s + (K, + K)] = X(s) [Bs +K]

Bs+Kk

.x1{s) = X{S) Mﬁz +{B1 + B) $+(K1 N K) . ......‘(1




The free body diagram of mass M, is shown in fig 3. The opposing forces acting on M2 are marked asf ., f f

m2* "h2,
andf, .
2 , — X
e =M, E‘; ) 2 =B, =
dt dt
‘. | —10)
f1:-=BE X=X 5 K=KXx-x) | —f,
| M, le—1,
By Newton's second law, ! f
e = fho +5, +f = (1) —f,
Fig 3 : Free body diagram
2 .
M, E—;{— +By. & + B-d— (3 = xq) + K(x — x,) = f{t) of mass M, (node 2).
dt dt - dt
On taking Laplace transform of above equation with zero initial conditions we get, |
M,S2X(8) + B,SX(s) + BS[X(S) - X,(8)] + KIX(S) — X,(8)] = F(s)
X(s) [M,s2 + (B, +B)s + K] - X,(s)[Bs + K] = F(s) 2

Subﬁuﬁng for X (s) from equation (1) in equation (2) we get,

(Bs +K;? _
Ms? + (B, +B)s +(K, +K)

X(s) IM,S2 + (B, + B)s + K] - X(s) F(s)



Xte {[Mzs +{Bz+B)s+K1[M,5 +(B,+B)s+ (K, +K)] - {Bsf--K}TZF(s)
Ms? + (B, +B)s +(K,+K)

CX(s) © M2 +(B,+B)s+(K, +K)
U F(s)  IMS? + (B, +B)s+ (K, +K)] [Mys? + (B, +B)s + K] - (Bs + K)*

‘RESULT

The differential equations governing the system are,

d®x dx, . d
1. M, dft21 +B, dt‘+B~d—t(x1—x)+K1x,+K{x1—x}=0

Mz +B'23+B—(x- )+ Kx-x)) = 1)

The transfer function of the systemiis,
X(s) M52 + (B, + B) 8 + (K, +K)

F(S) ~ [Mis? +(By+B) s+ (K + K)| [Mys? + (B, + B) s +K] - (Bs+K)?



Y5(8)
F(s)

2) Determine the transfer function of the system shown in fig

The free body diagram of mass M, is shown in fig 2.

The opposing forces are marked asf_, f..fandf,

d? d
ﬁm:m?%l;g=-£l:m=Km: fo = Kolys - ¥2)

By Newton's second law, f,,+1f, +f,+fo =f(t)

o Yy oy
o My—5- + Bt + Ky + Koy = y2) = 19 (1)
- On taking Laplace transform of equation (1) with zero initial condition we get,

M;s2Y(s) + BsY,(s) + K,Y(s) + Ko[Ys(s) - Ya(s)] = F(s)
Y(s)IM;s? +Bs + (K +Ky)] - Ya(s)K, = F(s)




The free body diagram of mass M, is shown in fig 3. The qppusi_ng forces acting on M, are f_,
andf,. '

d2
fnz =My Y2 . feo = Kalya = ¥4}

dt®
By Newton's second law, fp +fo =0
d?
M=+ Koly, —y) =0
— Yz
On taking Laplace transform of above equation we get,
' ——-f__
Ms%Y5(8) + K[ Ya(8)~ Yy(s)] = 0 Mool ¢
Ya(s) [Mys® + Kyl - Yy(s) K, =0 R
Fig 3.
M,s? + K |
2 Y(S) = Y,(s) % ..... (3)
2

Substituting for Y ,(s) from equation (3) in equation (2) we get,

_M;_.Sg + Kgl

Ya(s) K,

[M;s? +Bs + (K; + Ky) |- Ya(s) K, = F(s)

1 [ M o) s :{Bs+(K1+K2)1—K§]: Fs)
2

Yis) K,
F(s)  [Mis®+Bs+ (K +Ky)| [Mps® + K, |- K2




RESULT

The differential equations governing the system are,

d? d ' '
1. M, dt"-'; Edy1+H1y1+K2{y1—yE}=f(t}
d2
2. M, dfhrz;w —y)=0

The transfer function of the systemis,

Yo(s) K,

Fls)  [Ms?+Bs+ (K;+K,)| [Mys? +K,]-K

3) Determine the transfer function,

X(8)
(s)

} X,

I{1 —

2
2

and EFE{JS}'}" for the system shown in fig 1.
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The free t:r::-l:iyr diagram of mass M. is showninfig 2.

————— g — e m-rr g mrmwraew mms s wmmAr Eues e

The upposlngfuroes aremarkedasf  f,,f,,and{
2
d“x dx
fn1=My—= dat2 1 : fb1281d_11 : mz:Bma'{(xV

By Newton's second law, f.q+f+ % + i, =11t)

d?x dx d(x, — x,)
M—Sl+B,—1 4B, =L 72/ K x =f{t
e "t 12 dt + Ky = f(t)

On taking Laplace transform of above equation with zero initial conditions we get,

Xz)

fr = Kyx,

M152{‘(1{5} + B8 X(8) + Bygs [X4(8) — Xu(s)] + KX (s)=F(s)

‘X'l{s) ['||'|I1T52 + {BE + B1_2_)|5 t_K_i_] _' BTQSXE{SJ = F{E)




The free body diagram of mass M, is shown in fig 3. The opposing forces aremarked asf_

d?x - dx
fm2 = M5 a tzz ; fe =B5 df
d .
oo = Bma (X2 —X1) fio = KoXy
By Newton's second law, f, +f, +f,, +f; =0
3 .
M ddtzz +B; d{;‘tz +Byy M +Kxp =0 L. (2)

On taking Laplace transform of equation {2) with zero initial conditions we get,

M,5X,(8) + BSX5(8) + By [X5(8) — X, ()] + KoX,(s) = 0
X5(8) [My8® + (B, +Byp) s +K,1 =By, 5 X((s) = 0

X5(8) [Mg5° + (B, + Byp) 5+ Ky = By, 5 X4(5)

Bos A4S
X?{S}= v - 12 ‘[{ }
[Mz5° + (B3 +Byz) s + K]
Subsﬁtuting for Xz(s) from equation (3) in equation (1) we get,

(ByzS)* Xy(s)
M,s? + (B, +Byy) s +K,

X(s) [Ms? + (B, +By,) s+K]—

=F(s)

X,(5) [IMis” +(B; +Brp) s +Ki] [M;5” + (B, +By;) s +K;] - (Byos)’]

M,s2 +(B; +By,) s+K,

=F(s}

M2$ +{|32+B12)5+K2
 [Ms?+ (B, +Byg)s+Kj] [M23 +(By +Byp) s+K;] (B, 5}

) X1{s}
" F(s)

.

b "2

andf

-..—..-.-....-x2

«— T,
"1"‘"‘""_' fhE
— fmz

-,

Fig 3.



From equation (3) we get,

[M,s? +(B, +By,) s +K,] X,(s)

Xq(s) =
1 By;s

Su bs’ututmg for X {s} from equation (4)in equatlun (1) we get,

X,(s) [M,s? + (B, -+ By,) s+K,]
Bms

X, (s) [[M?_S +(B, +Byp) s+ K] [MB'ﬁ ;‘ (Bi+By) s+Kl - {5125]2] = F{(s)
_ 12

){2{5} B125
T F(s)  M.s?+(B,+ 512)5”{2] [Ms” +(B; +Byp) s +Ky] - (Byz8)°
RESULT

The differential equations governing the system are,

d? - |
1o % p, d{’“dt X2) K x, = ft)

dt? dt
d?x, o dx d(X, — X,)
2. M d 2 BE d‘tz 812 zdt 1 + KEXE = U
The transfer functions of the system are,;
Xqs) _ M,s” + (B, +Byy) S+K,

F(s) [Mﬁ +(B;+By) s+K|] [Mzs +(B, +Byp) s+Ky] - {5125)2

Xa(s) _ ' E3‘125

F(s) {Mzs +{B, +By) 5 +K,] [M1s +(By+Byp) s+K]- {Bms)




4)

Write the equations of motion in s-domain for the system shown in fig 1. Determine the transier tunction of me systefn.

4
% {100 | M

M (1)

— ?"?'.-'7?‘?7"\-.. B1

The free body diagram of mass M is shown in fig 2. The opposing forces are marked as f, f,;and f,.

d?x dx

d
f =M'&;E‘z— ;fb1=B1EE' ; fw:Bz'H{X—XJ '

m

By Newton's second law the force balance equation s,
fm + fb1 -+ fh? - f{t}
d®x dx d
A M—+B,— B, —({x—-X = f(t
dtg 1ﬂt+ Edt{ 1} ()
On taking Laplace transform of the above equation we get,
Ms2 X(s) +B, s X(s)+B, s [X(s) - Xy(s)] = F(s)

[Ms? + (B, +By) s] X(s) - By s X,(s) = F(s)

e

——»-f(t)
R f,
t—— fbi

1"—"" fﬂ

Fig 2.




The free boay diagram at the meeting point of spring and dashpot is shown in fig 3. The opposing forces are marked as

i and sz.

d
fo=B,—(x,—x); f.=Kx
b2 Edt(l { P 1

By Newton's second faw, f, +f =0

d
B —(xX, - X)+Kx=0
Edt (x4 —X) X1

On taking Laplace transform of the above equation we get,

- B;s
B, s+K

B, s [Xy(s) - X(s}]+ K X(s)=0
(B, s +K) X (s)~B, s X(s) =0

X(s)

Substituting for X ,(s) from equation (2} in equation (1) we get,

B,s
B,s+K

[Ms? +(B,+B,) s| X(s)- B, s{ } X(s) = F{s)

[EM s’ +(B;+B,)s] (B, s+K)~(B, 5}2] _Fls)
B,s+K

X{s)

_X(s) B,s+K

“F(s) [Ms2+(B;+B,)s](B,s+K) —(B,s)’




RESULT

The differential equatians governing the system are,
d*x _ dx
1. Md—z B dt 52—{){ x;j f{}
2. Bzaixi—xhl{m:ﬁ

The equations of motion in s-domain are,
1. [Ms?+(B,+B,)s] X(s)-B, s X,(s)=F(s)
2. (B, 5+K)X,(s)-B, s X(s)=0
The transfer function of the systemis,
A(s) B,s+K

F(s) [Ms?+(B,+B,)s](B,s+K)-(B,s)



MECHANICAL ROTATIONAL SYSTEMS

The model of rotational mechanical systems can be obtained by using three elements, moment af
inertia [J] of mass, dash-pot with rotational frictional coefficient [B] and forsional spring with
sziffness [K].

The weight of the rotational mechanical system is represented by the moment of inertia of the
mass.

The elastic deformation of the body can be represented b}f a sprmg (ters;enel eprmg)

The friction existing in rotational mechanical system can be repreeentecl by the dash- -pot.

When a torque is applied to a rotational mechanical system, it is opposed by opposing torques due
to moment of inertia, friction and elasticity of the system. The torques acting on a rotational mechanical
body are governed by Newton's second faw of motion for rotational systems. It states that the sum of

torques acting on a body is zero (or Newton's law states that the sum of applied torques is equal to the
sum of opposing torques on a body).

LIST OF SYMBOLS USED IN MECHANICAL ROTATIONAL SYSTEM

8 = Angular displacement, rad

= Angular velocity, rad/sec

= Applied torque, N-m
= Moment of inertia, Kg-mz2/rad
= Rotational frictional coefficient, N-m/(rad/sec)

de

dt

a8 Angul: lerati d/

dig = ngular acceleration, rad/sec?

T

J

B

K = Stiffness of the spring, N-m/rad



TORQUE BALANCE EQUATIONS OF IDEALISED ELEMENTS

Consider an ideal mass element shown in fig 1.14 which has negligible friction and elasticity. Th
opposing torque due to moment of inertia is proportional to the angular acceleration.

Let, T = Applied torque.
T, = Opposing torque due to moment of inertia of the body.

42 2 '
a0 or T =17 d_El '
& &t o fzm
By Newton's second law, | TK I ;
2
' T T, =] ﬂ ' Fig 1.14 : Ideal mfaffcmaf mass element
Wl . (1.7)

Consider an 1deai ﬁ‘lﬂtlﬂﬂa] a}ement dash pot shown in fig 1.15 which has negligible moment o
inertia and elasticity. Let a torque be applied on it. The dash pot will offer an opposing torque which i
proportional to the angular velocity of the body.

Let, T =Appliedtorque.

T, =Opposing torque due to friction. NN E
do do ' PV z
Tyc— or T, =B— B
® gt b dt T 6 —
! a0 Fig 1.15 : Ideal rotational dash-pot wit,

By Newton's second law, |T=T, = BE ..... (1.8) one end fixed to reference.




When the dash pot has angular displacement at both ends as shown in fig 1.16, the opposing torque
is proportional to the differential angular velocity. —

S
d d

Thocg{el'_ez) or TEZBE(BI_BE) T, o — B 8,
oo —nd | | Fig 1.16 : Ideal dash-pot with
FTEh =B G0 (1.9 angular displacement at both ends.

Consider an ideal elastic element, torsional spring as shown in tig 1.17, which has neghigible moment
of inertia and friction. Let a torque be applied on it. The torsional spring will offer an opposing torque
which is proportional to angular displacement of the body.

Let. T = Applied torque. ' _ :/11 ) S E
T, =Opposing torque due to elasticity. T 8 K |
T, <0 or T,=KO Fig 1.17 : Ideal spring with one

end fixed to reference.

By Newton's second law, ([T=T,=K8| -~ (1.10)

When the spring has angular displacement at both ends as shown in fig 1.18 the opposing torque is

proportional to differential angular displacement. \J } ;
- - T K 9,

T, =« (6,-6) or T,=K(0,-6,) |
(L1 Fig 1.18 : Ideal spring with angular
displacement at both ends.

AT = T,=K(,-86,)




1) | |
Write the differential equations governing the mechanical rotational system shown in fig 1. Obtain the transfer functio

ofthe system.
¥
e K ;f:D—g
K : B

T
(Applied Torque) (Output)

The free body diagram of J, is shown in fig

opposing tnrques_acting -:in .J_t are marked as Tj1 andT,.

d?9);
_TH =J; dt21 v Te= K(E’*_. - 0)
By Newton'ssecond law, T,,+T, =T T.T
jl- Y
g ATARARA
L5 ke, -0)=T | JZT7
dt . T 8, :
| J; d2821 LKO, Ko =T | ) Fig 2 : Free body dfqgrarf: of mass with
dt . moment of inertia J,

Ontaking Laplace transform of equation (1) with zero initial conditions we get,
J, 52 6,(s) + K0,(s) — K8(s) = T(s)

(J; 57 +K) 8,(s) ~K 8(s) = T(5) 2)




The free body diagram of mass with moment of inertia J,is shown in fig 3. The opposing torques acting on J, are marked
as T, T,and T,

d%e o | '
To=dy—= ; T,=B—  ; T,=K(6-6,
By Newton's secondlaw, Tp+T,+T, =0 _ | J )‘) '} ‘>
. d% _de _ 6 .
gt EE FRO-0)=0 Fig 3 : Free body diagram of mass with
. moment of inertia J,
d% _de
Jz‘—2+B—+KB_KB1 =0
dt dt

On taking Laplace transform of above equation with zero initial conditions we get,

J,5%0(s) + B s 0(s) + Ko(s) —Ko,(s) = 0
(J, 5% +Bs + K) 6(s) - Kb(s) = 0

y_ (Jp 8% +Bs+K)

8,(s) z os) (3)

Substituting for 6,(s) from equation (3} in equation (2) we get,

(J,8% + Bs +K)

(Js? +K) "

6(s) - Ko(s) = T(s)

[ (8% + K) (U5% +Bs + K)—K?
{ K -
L

}mm=wa

O(s) K . :
T(s) (Js°+K)(J,8% +Bs+K)-K>?




RESULT
The differential equations gmrerning the system arg,

2z
1I J‘d Bi
" dt?

—KEJH!_KGZT

d? '
2. Jzanj'lmg%me_meﬁﬂ

The transfer function of the system s,
8(s) K

T(s) (45?2 +K) (J,8° +Bs+K)- K>

2) .
Write the differential equations goveming the mechanical rotational system shown in fig 1. and determine the transfer

function 6(s)/T(s).
K

SOLUTION | | N ey PN B
. . : J J ﬁ
In the given system, the torque T is the input -- 9?): ! ___ij‘ N
' B, 86—

and the anguiar displacement 6 is the output. T 6, .
. I T PP Pl 77 P77 e r add # e s dr i e dd e Aras

R RS




Tj1 Toe Ty

VY, RRR

Thefree body diagramof J,is shownin fig

=pposing torques acting on J, aremarkedasT,, T, andT, . X ) J
: ' T 6, :
d’e d o 2 : - -
T, =4, dt; . Tur=Bp Et‘{BH ~8) : T, =K(@,-8) Fig 2 : Free body diagram of mass with

. moment of inertia J,
By Newton's second law, Tjj + T+ T =T

d’o d

J
On taking Laplace transform of above equation with zero initial conditions we get,
Jis%0,(s) + 3 By, [04(s) — 8(s)] + Koy(s) - Ko(s) = T(s)

8.(s) [J5% + 8By, + K- 8(s) [sB,, + K] = T(s) - e

“The free body diagram of mass with moment of inertia J, is shown in fig 3. 1 he opposing torques are marked as T, T,
TandT.. '
[ 3 k

d%e d - T;z T T Th
T,=-0,92 . 1 -B,% - - |
2=z Gz o b2y (6-6) | | 5 \ v\ ® v\\\

. — 7))
Tb;BE' . T =K(B-8,) SN '

Fig 3 : Free body diagram of mass wi
By Newton'ssecondlaw, T+ Ty, + T+ T, =0 - moment of inertia J.



dza
th
d%e

Pdt?

On taking Lapiace transform of above equation with zero initial conditions we get,

312—{9 H}+B:_—B+K{ﬂ 8,)=0
do; , do
B B)+ K6 -K8,=0
el — (B, +B)+

Jo570(s) — B,,80,(s) + s6(s) [B;, -L B] + Ko(s) — Ko(s) =

8(s) [s2J, + S(By, +B) + K] -8(s) [B,, + K] =0

6,(5) =

{5232 +8(By; +B) +K]

&
5By, - K] =)

Substituting for 6.(s) from equation (2) in equation (1) we get,

[Jis? + 8By, +K]

(J5® + 8By, +K) [4,5” +8(B1p +B) +K] - (sBy, + K)*

[J,5% + 8(B,, + B) + K] 6(s)
(sB,, + K)

. Bls) _

(sB., +K) 8(s) = T(s)

(5512 +K)

' T{S}

(Jﬁ +8By +K) [Jzﬁ +5(By; +B) + K] - (5By; + K)?

—(sBy; +K) 6(s) = T(s)




RESULT

The difterential equations governing the system are,

d%e d
1. dig #Br (6 -0) +K(©;-0)=T
b

—+
di? ¢ dt

The transfer function of the systemis,
6(s) _ : (sByz +K)

T(s) (482 +5By, +K) [J,5% +8(B,y, +B) + K] - (8B, + K)?




ELECTRICAL SYSTEMS

The models of electrical systems can be obtained by using resistor, capacitor and inductor.

current-voltage relation of resistor, inductor and capacitor are given in table

Element Voltage across the element Current through the element
i) R i ity =Y
YV () = Ri() ="
_ v(t)
(4 L d. : o 1
11_)} 5= V() =L—-i(t) i(t}—ijv(t)dt
v(t)
_ C o1 o V()
: 12; i v(t)—-{v:-jl(t} dt | i(t)=C—
_v(®)

The differential equations governing the electrical systems can be formed by writing Kirchoff ’s
current law equations by choosing various nodes in the network or Kirchoff ’s voltage law equations by
thoosing various closed paths in the network. The transfer function can be obtained by taking Laplace

ransform of the differential equations and rearranging them as a ratio of output to input.
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TRANSFER FUNCTION OF ARMATURE CONTROLLED DC MOTOR

The speed of DC motor is directly proportional to armature voltage and inversely proportional |
flux in field winding. In armature controlled DC motor the desired speed is obtained by varying ti
armature voltage This speed control system is an electro-mechanical control system. The electric
system consists of the armature and the field circuit but for analysis purpose, only the armature circuit
considered because the field is excited by a constant voltage. The mechanical system consists of ¢
rotating part of the motor and load connected to the shaft of the motor. The armature controlled L
motor speed control system is shown in fig 1 °

+ » +i
1 ]
v.= Constant v, = input
I
B v

Fig 1 Armature controlled DC motor.
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Let, R, = Armature resistance, 2
L_= Armature inductance, H

i = Armature current, A

v = Armature voltage, V

e = Back emf, V

K = Torque constant, N-m/A

T = Torque developed by motor, N-m

6 = Angular displacement of shaft, rad

J = Moment of inertia of motor and load, Kg-m*rad _

B = Frictional coefficient of motor and load, N-m/(rad/sec)

K, = Back emf constant, V/(rad/sec) . R L

The equivalent circuit of armature is shown in fig 1.20. " *SR IT | +';
" By Kirchoff ’s voltage law, we can write, v, | e s;J_

iﬁﬁh%‘ﬁa =V, O (1.12) - T

Fig . 2 .: Equivalent circuit of armature.



The mechanical system of the motor is shown in fig 3
The differential equation governing the mechanical system of motor is given by

I~

d’e . db ]
J—+B—=T ' S
- dt? dt | ( ]4__} 5 ) }

B

Lz

Torque of DC motor is proportional to the product ot 8 T .
lux and current. Since flux is constant in this system, the Fig 3
orque is proportional to i_alone.
Teci
B o Torque, T=K i - .. (1.13) )
The back emf of DC machine is proportional to speed (angular velocity) of shaft.
d8 .
e, c— or Backemf, e, = Kbﬂe- -----

dt dt

TERRNREN

Taking Laplace transform of the above equations

1) R+ L sL(s) T E(s)=V (s)
T(s) = K, (s)

+++++

15%6(s) + B s 8(s) = T(s)
E.(s)=K.s6(s)




On equating equations (1.17) and (1.18) we get,

KL (s) = (J$* +Bs) 8(s)

F Tl
1,(s)= GBS oy e (1.20]
Kt
Equation (1.16) can be written as,
(R TSL)I{S)"‘E(S) V (s) (1,21

‘%ubstltutmg for E.(s) and I (s) from equation (1.19) and (1.20) respectively in equatmn (] 21),

(R, +sL,) [E—S}:—Bﬂﬁ(s] + K5 0(s) = V,(s)

t

(R, +sL,) (Js* + Bs) + K, K;s
KT

1 B(s) = V,(s)

d




0(s)

V. (s)

. 6(s) _ K, S T (1.22
TV,(5) (R, +sL,) (5" +Bs)+ K Ks

The required transfer function is

The transfer function of armature controlled dc motor can be expressed in another standard dre

o) K, - K,
V.(s) (R.+sL)(s®+Bs)+K.Ks s
2(8) (R +sL,)(Js" +Bs)+ K Kss R, sbe L 1|Bs 1+35 +K K s
R, Bs
L K,/R,B _
K. K
s[{ sT, ) ( m) RaB}

where, =T, = Electrical time constant

=T_ = Mechanical time constant

m|*—.m7;'imr



TRANSFER FUNCTION OF FIELD CONTROLLED DC MOTOR

The speed of a DC motor is directly proportional to armature voltage and inversely proportional to.
Tux. In field controlled DC motor the armature voltage is kept constant and the speed is varied by varying
#he flux of the machine. Since flux is directly proportional to field current, the flux is varied by varying
field current. The speed control system is an electromechanical control system. The electrical system
consists of armature and field circuit but for analysis purpose, only field circuit is considered because the
srmature is excited by a constant voltage. The mechanical system consists of the rotating part of the

motor and the load connected to the shaft of the motor. The field controlled DC motor speed control
svstem 1s shown in fig 1

¥ : | {Output)

Fig 1  : Field controlled DC motor.



Let, R, — Field resistance, Q
| L. = Field inductance, H
Field current, A

e
s

- v, = Field voltage, V
T = Torque developed by motor, N m
K, = Torque constant, N-m/A
J
B =

The equivalent circuit of field is shown in fig = 2

By Kirchoff’s voltage law, we can write

. di
Reip+Li——=
' dt

_ Moment of inertia of rotor and load, Kg-m?/rad

The mechanical system of the motor is shown in fig 3
mechanical system of the motor is given by,

- =~

7\%

B

T

I i ]_I

|
B

Fig.3

E\\ o

Frictional coefficient of rotor and load, N-m/(rad/sec) I

I iR >R
V, - i

di,

o M=
‘ g <

Fig 2 : Equivalent
circuit of field.

. The differential equation governing the



d’s _ do
J——+B—=T
dtz 'dt ................. 2

The torque of DC motor is proportional to product of flux and
srmature current. Since armature current is constant in this system, the
sorque is proportional to flux alone, but flux is proportional to field

current. ) _
Toi, .. Torque, T=K,i,

On taking Laplace transform of the above equations with zero initial condition we get,

Rfif[s) + Lfs IIF(S) - V;(S} ................ .3
CKeI(5)=Ts’0(s) +BsO(S) e 4
Lgy=s S Bl 5
tf

From equation 3

(Re +sLg) Ie(8) =Ve(s) 6

Substituting equ 5in equ 6



(Js+B)
o
B(s) K

(Re+5sLi)s B(s) = V¢(s)

Vi (s) " s(Rg+sLg) (B+s))

- K = Km
+ +
Py AN

f

K, = K¢ _ Motor gain constant
R,B

T, = L Field time constant
R; :

Ty = é— = Mechanical time constant



ELECTRICAL ANALOGOUS OF MECHANICAL TRANSLATIONAL SYSTEMS

Since the electrical systems has two types of inputs either voltage or current source, there are
wo types of analagles . Jorce-voltage analogy and farce~curre::t analogy. |

"ORCE-VOLTAGE ANALOGY

Item Mechanical system Electrical system

' (mesh basis system)
Independent variable ~ Foree, f Voltage, e, v
(input) -
Dependent variable Velocity, v _ Current, 1
(output) Displacement, x | Charge, q
Dissipative element - Frictional coefficient Resistance, R

of dashpot, B
Storage element Mass, M Inductance, L
Stiffness of spring, K Inverse of capacitance, 1/C
Physical law Newton's second law Kirchoff ’s voltage law
Xf=0 2v=20




FORCE-CURRENT ANALOGY

Item Mechanical system Electrical system
(node basis system) -
Independent variable Force, f Current, i
(input)
Dependent variable Velocity, v Voltage, v
(output) Displacement, x Flux, ¢ |
Dissipative element Frictional coefficient Conductance G=1/R

of dashpot, B

Storage element

Mass, M

Capacitance, C

Stiffness of spring, K

Inverse of inductance, 1/L

Physical law

Newton's second law
>f=0

Kirchoff s current law

2i=0




Vivrite the differential eguations goverming the mechanical _
system shown in fig 1. Draw the force-voltage and force-current
electrical analogous circuits and verify by writing mesh and node

eguatons. =
[:}"H —P X,

V. —V, '

- 'K v K, ¥

f(t) — 00— — W

M, M, ’

| B.. ] B, ¢

—p I _ -

/z’f/]//r’ff//f‘/!f////f/:’f/z’//.f/f//:’/f/
B, Fig 1.
The free body diagram of M. is shown in ﬁg}? The opposing forces are marked as I X
I A A and f . v,
—— (1)
‘ ' d : _ o f
=M SX g g & | |
dt dt M-, " flﬂ
d . '.—""'fm?
fz2 =By ‘d—t{x1 -X) 1 G =K - %) £
By Newton'ssecond law, ..+ +f .+, =f(t .
Y oy + o1 +fioqp + By = 1) Fig 2.
d?x dx, d
M —L+ B,— +B — X, )+ K. (x fi(t g (1)
dtg TBy—— dt 1250 (% =%} + Kyl — %) =f(t)




The free body diagram of M, is shown infig 3.The ohpnsing forces are marked as fﬁ fio i fp@ndf,.

P2t b2 k1 —hxz
d?x dx d s 7
frn2 = M2 .22 ) ftn:—* = BE__%‘ ; fmz = 812_[}‘2 _xi} . —»f
dt dt dt . ;
| ——
fk'! = K1{K2 - }(1) ; sz = KE XE b2
Mz —» fbiz
By Newton's second law, f, +f, +f, +f,, +f, =0 ' >f,
d? d d fe
® X
M, _thP. + B, d:‘ +KoX, +Bys Y (X =X )+ K (x, - x,)=0 ______(2} . Fig 3.

On replacing the displacements by velocity in the differential equations (1) and (2) of the mechanical system we get,

dt

{ 2
{i. . %{;=%¥_ ; %?:v andx=_f'ufdt];
dv, ' 3
MT_dEL+ijT +Bip(vVi = Vo) + Ky J{vy —vp)at=fy L (3)
M, ﬁ?.+ Bov, + Ko vy dt+Bp(v, —v,) + K (v, — v,) dt=0 I— 4)



The electrical analogous elements for the elements of mechanical system are given below.

el M, L, .~ B,>R, K, = 1/C,
v, i, M= L B,— R, K, = 1/C,
V, > i, ' B,—2R,

L, R, L,

00— VN

O RN e

__(:'.E —— Cz

Fie 4 @ Force-voltage electrical analogous circuit.

Fig 5. rigo.
The mesh basis equations using Kirchoff's voitage law for the circuit shown in fig 4 are given below (Refer fig 5> and 6).
di . A R
L1d_:+ﬁ1’1 + Ry iy "‘2:'4‘?1]{11—’2:":}?:3“}. | A {5}.
L,—2 di + R, +——JI2 dt + Ry, (i '—i1}+—j —-1i)dt=0 | | o (6)
dt C, '

It is observed that the mesh basis equations (5) and (6) are similarto the differenﬁal equations (3) and {(4) governing the
mechanical system. '




FORCE-CURRENT ANALOGOUS CIRCUIT

The electrical analogdus elements for the elements of mechanical system are given below.

fit) = it) M, —C, B, — 1/R, K, = 1/L,
v, =2V, M, - C, - B,=»1R, K, = L,
v, 2V, B, = 1R, .
_—
_ Rz
v, [V Va
|
L,

[

sR gL

i{t}@D; C. =+ g'ﬂ-. C,o

I

Fig 7 : Force-voltage electrical analogous circuit.

The node basis equations using Kirchoff's current law for the circuit shown in fig 7 are given below (Refer fig 8 and 9).

dv, T 1 1. . '
Co— s — v+ — (V,—V,)+ — — v, )dt =i .
" R 1 Rw{ 1~ Va) L1Jf"-"1 v, )dt = i(t) | : (7)
L dv, 1 1 1 1
Co—2 g — v, +—[v,dt+——(V, —V,) + — - = -
2" 5 R, 2 LEI 2 Rm{ 2 0+ L. J{vy —vy)dt =0 )

Itis observed that the node basis equations (7) and (8) are similar to the differential equations (3) and (4) goveming the
mechanical system. '




ELECTRICAL ANALOGOUS OF MECHANICAL ROTATIONAL SYSTEMS

Since the
electrical systems has two types of inputs either voltage source or current source, there are two types ot

analogies: forque-voltage analogy and torque-current analogy.

TORQUE-VOLTAGE ANALOGY

Item Mechanical futaf_iﬁnal 'system Electrical system
' (mesh basis system)
| Independent variable - Torque, T | Voltage, e, v
(input) o
Dependent variable Angular Velocity, © Current, i
(output) Angular displacement, 6 - Charge, q
Dissipative element Rotational coefficient Resistance, R
| of dashpot, B |
Storage element | Moment of inertia, J Inductance, L
. Stiffness of spring, K Inverse of capacitance, 1/C
Physical law Newton's second law Kirchoff ’s voltage law
| ST=0 Tv=0



TORQUE-CURRENT ANALOGY

coefficient of dashpot, B

Item Mechanical rotational system Electrical system
(node basis system)
Independant.variable Torque, T Current, 1
(input) | _
Dependent variable Angular Velocity, © | Voltage, v
(output) Angular displacement, 6 Flux, ¢
Dissipative element  Rotational frictional Conductance, G = /R

Storage element

Moment of inertia, J

Capacitance, C

Stiffness of spring, K

Imrerse of inductance, 1/L

Physical law

Newton's second law
>T=0

" Kirchoff ’s current law

2i=0




K, K.

AR

Write the differential equations goveming the mechanical rotational system S are >
shown in fig 1. Draw the torque-voltage and torque-current electrical analogous T Lo/ 000" il gL
srcuits and verify by writing mesh and node equations.
SOLUTION 3 ‘Bz Fig 1.

The free body diagram of J, is shown in fig 2. The opposing torques are marked as T1, T, and T

d?o do, |
TJT:JTT; ; Tp1=By— &t 7 Tk =Ky(8,-83) ' 7\1J7 Js \} \H \]
| W, i VAN

By Newton's second law, T, + T, +T =T | T 8 T T Ty
| Fig 2.
d% de .
g d; Bjd;+K{m—ﬁﬂ=T e (1) :

The free body diagram of J, is shown in fig 3. The opposing torques aremarked as T ,, T, T,andT,,.

d%e do
Tp=J; dt; P Ti2=B df
| NN
B:_1Ir NEWIUWS second |31|,,|l|,.1'P Tj;ﬂ + Th2 + Tk..? + Tk‘l =0 ' v _sz- Thz Tﬂ Ta‘:
o | | Fig 3.
Jp ddg'z +B; clt:2 +Ka0,) +Ks(0,-8)=0 - . @) .



On replacing the angular displacements by angular velocity in the differential equations (1) and (2) governing the
mechanical rotational system we get,

2 : :
ia_- Ei_gzd_ﬂ, ij.e_zm and eﬂfmd'[
- dt dt dt

Jd‘“i1+aa1+i<1; —oy)dt=T - S (3)

sz—;:'{-ﬁ-BzuerK?jmgdt Kf(op—0)dt=0 S (@)

FTORQUE-VOLTAGE ANALOGOUS CIRCUIT

The electrical analogous elements for the elements of mechanical rotational system are given below.
T —el) J = L B, — R, K, — 1/C,
®, —>i, > L, B, > R, K, - 1/C,

—i, '

{'JE



R, L,

| —\\ B
L, % | - g R,
o . m —C, I
et) (%) ' —C,

Ty =

The rnesh basis equaﬁcns using Kirchoff's voltage law for the circuit shown in fig 4 are given below {Refer fig 5 and 6).

di, . 1. . |
LTd—:‘+ Ri, o [(i,—iy) = e(t) | \ G (5)
L, H2i2+iji2dt+ij{i2—i1)m=_0 ~-(6)
dt C, C, _ -

It is observed that the mesh basis equations (5) and (6) are similar to the differential equations (3) and (4) govemning the
mechanical system. :



TORQUE-CURRENT ANALOGOUS CIRCUIT

The electrical analogous elements for the elements of mechanical rotational system are given below.

T->i) B,-1R, o,V J>C, Ko,
B, » 1/R, @, >V, J,—>C, K, = 14,

v, L, o

o1

o

C== R, _ - C.—— Rz% Lz%
E . . - .

Thenode basis equations using Kirchoff's current law for the circuit shown in fig 7 are given below (Refer fig 8 and 9).

dvy 1 1. , : .
C-ld—tl‘ + *-'F-El-."u"al + -|:|_j {‘U’T - ‘U'Ejdt = I{t) """ {7}
dv, 1 1 1 '
CE —EEE- + R—EVE + 'Ez—j "u"gdt + L_1 ("ulrz - ‘u’1}dt =0 . : “{8}

~ Rtis nhséwed that the mesh basis equations (5) and (6) are similar to the differential equations (3) and (4) govemning the
mechanical system.



SERVO MOTORS :-
The motors that are used in the automatic control systems are called “servo motors”.

When the objective of the system is to control the position of an object, then the system
Is called as servo mechanism. Servo motors are used to convert an electric signal
[controlled voltage] in to angular displacement of the shaft.

The servomotors should have the following requirements :-

Linear relationship between speed and electrical signal.

It should have linear speed torque characteristics.

The inertia of the rotor should be as low as possible.

The operation of the servo motor should be stable without any oscillation.
Fast response.

Wide range of speed control

o 01k owhE

Applications of servo motor

They are used in Radar system and process controller.
«Servomotors are used in computers and robotics.
*They are also used in machine tools.

*Tracking and guidance systems




CLASSIFICATION OF SERVO MOTORS :-

Based on the nature of electric supply, servo motors are classified as
*DC servo motors

*AC servo motors

DC SERVOMOTORS :-

Basically dc servo motors are as same as normal motors. But there is one minor
difference
between these two motors. I.e, all dc servo motors are essentially separately exited type

The advantages of dc servo motors are

Higher output than ac motor of same size.

Easier speed control from zero to full speed.

Higher torque to inertia ratio that gives quick response.

Dc servo motors have less weight.

The characteristics of dc servo motors are linear.

The dc servo motors are generally used for large power applications, such as
machine

7.  tools and robotics and so on.

OO0k wWNE



The figure (a) shows the connection of Separately Excited DC Servo motor

The figure (b) shows the armature MMF and the excitation d MMF in quadrature ina DC
machine.

7 B Armature MMF
. AM—"™M

YY)
O
: Field MMF
f
+ -

Figure a Figure b

' Motor

o'

This provides a fast torque response because torque and flux are decoupled. Therefore, a small

change in the armature voltage or current brings a significant shift in the position or speed of the
rotor. Most of the high power servo motors are mainly DC.



The Torque-Speed Characteristics of the DC Servo Motor is shown below.

Va1>Va2>Va3

Torque T

Speed N

As from the above characteristics, it is seen that the slope is negative.

i. Transfer function of field controlled dc servo motor.
ii. Transfer function of armature controlled dc servo motor.



https://circuitglobe.com/wp-content/uploads/2016/02/Servo-motor-figure-2.jpg

AC SERVOMOTORS:-

An Ac servo motor is basically a two phase induction motor except some design features.
A 2 Phase ac servo motor differs with normal induction motor in the following two ways.
1) The rotor of the servo motor is developed with high resistance, so that X/R ratio is low

Which results in linear speed —torque characteristics. The induction motor has high X/R
Ratio which results in high efficiency but non-linear speed —torque characteristics.

4 normal induction motor

lorque

Synchronous
speed wped

2) The excitation voltage applied to the 2 stator winding should have a phase difference of
90 degrees

CONSTRUCTION:-
The main parts of ac servomotors are(1)Stator
(2)Rotor




(1)STATOR:
The stator contains two windings. They are(a)Main winding or reference winding
(b)control winding

A constant ac signal as input is provided to the main winding of the stator. The control winding is
provided with the variable control voltage. This variable control voltage is obtained from the

servo amplifier.
It is to be noted here that to have a rotating magnetic field, the voltage applied to the control

winding must be 90° out of phase w.r.t the input ac voltage.

AC supply
LWJJ_ _—
n winding
Control :
Voltage from | = =) ___ __ .
servoamplifier '
’ ' Rotor
Control
winding

Stator of AC Servomotor
(2 ROTOR:-
The rotor usually Is of squirrel cage or drag-cup type. The squwrel cage rotor is made up of
laminations. The rotor bars are placed in those slots and short circuited by end rings. The
Diameter of this type of rotor is kept small in order to reduce inertia and to obtain good
Accelerating characteristics.
The drag cup type rotor Is used in low power applications. The rotor will be in the form of hallow
Cvlinder made up of aluminium.The Al cvlinder itself acts as short-circuited rotor conductor



SYMBOLIC REPRESENTATION OF AC SERVOMOTOR:
Rola

o=

Yol
Cg?:"'“ W wnding
& : O copu:toYo

The control signals (e,) in control systems are of low frequency, but in operation of servo
motors, control phase voltage and reference phase voltage should have same frequency. Hence
Control signal is modulated by a carrier whose frequency is equal to supply voltage.

To maintain a phase shift of 90 degrees between control voltage and reference voltage a phase
shift Capacitor is inserted in the reference winding.



Features

»These are low weight devices.

» It offers reliability as well as stability in operation.

»There is not much noise generated at the time of operation.

» |t offers almost linear torque-speed characteristics.

» As brushes and slip rings are not present here thus it reduces maintenance cost.

Ac servo motor characteristics:

1) Speeci vs Torque

€c1”°€c2”€c3

Torque T

Speed N



2. Control voltage vs torque










Differences between A.C Servomotor and D.C Servo motor

A.C Servomotor

D.C. Servomotor

1) Low power output of about 0.5 W to
100 W.

1) Deliver high power output

2) Efficiency is less about 5 to 20 %.

2) High Efficiency.

3) Due to absence of commutator
maintenance is less.

3) Frequent maintenance required due to
commutator.

4) Stability problems are less.

4) More problems of stability.

5) No radio frequency noise.

5) Brushes produce radio frequency
noise.

6) Relatively stable and smooth
operation.

6) Noisy operation.

7) A.C. amplifier used have no drift.

7) Amplifiers used have a drift.




